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ABSTRACT. We give an a priori estimate for the solutions of the prescribed scalar curvature equa- 
tion on manifolds of dimension 4. We have an idea on the supremum of the solutions if we control 
their infimum. 

1. INTRODUCTION AND RESULT. 

In this paper, we are on Riemannian manifold of dimension 4, (M, g) (not necessarily com- 
pact). Here we denote by A g = —V s (V;) the geometric Laplacian. 

Let us consider the prescribed scalar curvature equation in four dimension: 

A g u + R g u = Vu 3 , u>0 (E) 
where R g is a scalar curvature of (M, g) and V the prescribed scalar curvature. 

We assume: 

0<a<V(x) <b and \\VV\\ L <*> m <A (C). 
In this paper, we want to prove an uniform estimate for the solutions of the eqution (E) with 
minimal conditions on the prescribed scalar curvature equation. Conditions like (C) are minimal. 

Note that the equation (E) was studied when M = fi is a open set of K 4 , see for example, 
[B], [C-L] and when ft = §4 the unit sphere of dimension 4 by Li, see [L]. 

If we suppose V £ C 2 (f2), Chen and Lin gave a sup x inf inequality for the solutions of 
the equation (E). In [L], on the fourth unit sphere, Li study the same equation with the same 
conditions on V, he obtains the boundedness of the energy and an upper bound for the product 
sup x inf. He use the simple blow-up analysis (for the definition of simple blow up points see 
for exemple [L]). 

In [B], we can see (on a bounded domain of R 4 ) that we have an uniform estimate for the 
solutions of the equation (E) if we control the infimum of those functions, with only Lipschitzian 
assumption on the prescribed scalar curvature V . 

Here we extend the result of [B], to general manifolds of dimension 4. 

Note, if we assume V = 1, Li and Zhang (see [L-Z 1]), have proved a sup x inf inequality for 
the solutions of (E) on any Riemannian manifold of dimension 4. 

If we suppose M compact, the existence result for this equation when V = 1 was proved 
by T. Aubin (non conformally flat case and n > 6 ) and R. Schoen ( conformally flat case and 
n = 3, 4, 5). The previous equation with V = 1 is called the Yamabe equation. 

Note that, in diemsions n = 3 and n > 5, we have many results about prescribed scalar 
curvature equation, see for example [B], [C-L], [L], [L-Z 1] and [L-Zh]. 

For example ( when M is compact), in [L-Zh], Li and Zhu have proved the compactness of 
the solutions of the Yamabe equation with the positive mass theorem. They also describe the 
blow-up points of the solutions ( only simple blow-up points). In [D], [L-Z 2] and [M], Druet, 
Li, Zhang and Marques have obtained the same result for the dimensions 4, 5, 6 and 7. 



About the compactness of the solutions of the Yamabe equation, we can find in [L-Z 2] some 
conditions on the Weyl tensor to have this result. In [Au 2], T. Aubin have proved recently, the 
compactness of the soltuions of the Yamabe problem without other assumptions. 



Note that here we have no assumption on energy. There is many results if we suppose the 
energy bounded. In our work, we use, in particular, the moving-plane method. This strong 
method was developped by Gidas-Ni-Nirenberg, see [G-N-N]. This method was used by many 
author to obtain uniform estimates, in dimension 2, see for example [B-L-S] , in diemsnion greater 
than 3, see for example, [B], [ C-L], [L-Z 1] and [ L-Z 2]. 

We have: 

Theorem. For all a,b,m > 0, A> with A — > and all compact K of M, there is a positive 
constant c = c(a, b, m, A, K, M, g) such that: 

sup u < c if inf u > m, 
k m 

for all solution u of (E) relatively to V with the conditions (C). 



2. PROOF OF THE THEOREM. 
Let x be a point of M. We want to prove an uniform estimate around xo- 
Let (ui)i be a sequence of solutions of: 

Aui + RgU., = ViUi 3 , Ui > 0, 

where Vj is such that: 

< a < Vi(x) < b and ||W t || L oo (M) < A l with A, -> 0. 
We argue by contradiction, we assume that the sup is not bounded. 

V c, R > 3 u c , ji solution de (E) telle que: 

R 2 sup u CtR > c, (H) 

B(x Q M) 

Proposition 1: ( blow-up analysis) 

There is a sequence of points (yi)i, yi — » x and two sequences of positive real numbers 
{Liji, li — > 0, Li — > +oo, such that if we set Vi(y) = — - — r , we have: 

u i \Vi ) 

< Vi(y) < fa < 2, f3i -> 1. 

v i(y) — * i — tt i uniformly on compact sets of M 4 . 

l + \y\ 2 

kuiivi) — » +oo. 

Proof of the proposition 1: 

We use the hypothesis (H), we take two sequences Ri > 0, Ri — > and Cj — > +oo, such that, 

Ri 2 sup Ui > Cj — > +oo, 

B(x ,fl«) 

Let,Xj e B(x ,Ri), such that sup B ( Xoi j.) Wj = Uj(xj) andsj(x) = [J?j — rf(a;, Xi)]in(x), x e 
B(xj, i?j). Then, Xj — > x . 

We have: 

max Si(x) = Si(yi) > s i (x l ) = R i u l (x i ) > ^fci — > +oo. 



We set : 



U = Ri- d(yi,Xi), Ui(y) = Ui[exp y .(y)], Vi(z) = 
Clearly, we have, ?/j — > xq. We obtain: 



Ui{y{) 



^[u i (y i )] = ^>€ = cl /4 -+oc. 



{ Ci y/ ilnyin c l/4 " 1/4 

If \z\ < Li, then y = exp y .[z/[ui(yi)]] e B{yi,5 t k) with (5, = \ /4 and < 
-Rj — d{yi,Xi), thus, Xj) < i?i and, Si(y) < Si(yi). We can write, 

Ui(y)[Ri ~ d(2/,J/*)] < Ui{yi)k. 
But, j/j) < Sik, Ri > k and Ri - d(y, j/j) > R4- Sih >k~ Sik =k(l- Si), we obtain, 

o<^) = ^M< 77 A TT <2. 

We set, /3j = — , clearly — > 1. 



The function satisfies the following equation: 



g jk [exp Vt (y)] d jkV t - d k g Jk y/\g\ [exp y .(y)]djVi + ~ yi ~~J v ^' , v l = V t v. 



Ui(ViW 



J t 1 



with, Vi(y) = Vi[exp y .(y /[ui(yi)])]. Without loss of generality, we can suppose V(xo) = 8. 

We use Ascoli and Ladyzenskaya theorems to obtain the uniform convergence (on each com- 
pact set of R 4 ) of (vi)i to v solution on K 4 of: 

Av = 8v 3 , v(0) = 1, < v < 1 < 2, 
By the maximum principle, we have v > on M™. I we use the Caffarelli-Gidas-Spruck result 

(see [C-G-S]), we have,v(y) = —-r-r~ . 

1 + \y\ 2 

Polar Geodesic Coordinates 

Let u be a function on M. We set u(r, 6) = u[exp x (r6)]. We denote g x ^ the local expression 
of the metric g in the exponential chart centered in x. 

We set, 



w 



(t,0) = e*«i(e*,e) = eV[exp yi (e'0)] and ^(i.fl) - VJ [exp Si (e'6>)] . 



a(Vi,t,0) = log J(y;,e ,0) = log[^/def (5^)]. 
We can write the Laplacian in the geodesic polar coordinates: 

3 1 

—Am = d rr u H — d r u + <9 r [log J(x, r, 9)}d r u ^Agu. 

We deduce the two following lemmas: 
Lemma 1: 

The function Wi is a solution of: 

-d tt Wi - d t ad t w l - A e w l + cw l = Vitvf, 

avec, 



c = c(y u t, 8) = l + d t a + R g e 2t , 



Proof of the Lemma 1: 

We write: 



d t Wi = e 2t d r u t + Wi, d u wi = e 3t 



+ Wi. 



d t a = e l d r log J(y i; e*, 9), d t ad t Wi = e 3t [d r log Jd r Ui\ + d t awi 
Le lemma 1 follows. 

Let bi(yi,t, 8) = J(yi, e*, 8) > 0. We can write: 

— ^duiVhwt) - A eWl + [ c (t) + b- 1,2 b 2 {t, e)] Wi = v iWl 3 , 

where, b 2 {t,6) = d tt (Vh) = ^4=^1 - — \^ {d^f. 



We set, 



2Vh 4(6i)3/2' 

= \fb[wi. 



Lemma 2: 

The function w, is solution of: 



-d tt Wi + A e ( Wi ) + 2Ve{w l ).V e log(V^i) + (c + b 1 1/2 b 2 - c 2 ) Wl 



1/2 



where, c 2 is a function to be deterined. 

Proof of the Lemma 2: 

We have: 



But, 



dam - Vh^eWi + (c + b 2 )wi = Vi 



1/2 



A-eiVhwi) = xfbiAoWi - 2V e w i .\'gy%_ + w i A g (y / bi), 



and, 



we can write, 



VjtUi.VoV^i = Ve(m).V e log(v^) - m\W e log(^)| 2 



we deduce, 



\ZhA g wi = A g (wi) + 2V g (wi).Vg log(\/bi) - c 2 Wi, 
with c 2 = \-^=A e {s/b~i) + |V e ^(v^)) 2 ]- The lemma 2 is proved. 



The moving-plane method: 

Let £, be a real number, we assume £j < t. We set fa — 2£j — t and wf (t, 8) = Wi(fa , 0). 

Proposition 2: 

We have: 



1) Wi(\i,6) - Wi{\i + 4,6) > k > 0, V0eS 3 - 
For all (i > 0, there exists c@ > such that: 

2) — e* < Wi(Ai + t, 6>) < C/3 e*, V t < (3, V e § 3 - 
Proof of the Proposition 2: 

Like in [B], we have, Wi(Xi, 9) — Wi(\i + 4, 9) > k > for i large, V 9. We can remark that 
bi(yi, K,9) — > 1 and A, + 4, 0) — > 1 uniformly in 0, we obtain 1) of the proposition 2. 

For 2) we use the previous lemma 2, see also [B]. 

We set: 

Zi = -d tt (...) + A fl (...) + 2V fl (...).Ve log(v^) + (c + &r V2 &2 - c 2 )(...) 
Remark : In the operator Z t , we can remark that: 

c + b~ 1/2 b 2 - c 2 > k' > 0, for i << 0, 
it is fundamental if we want to apply the Hopf maximum principle. 

Goal: 



Like in [B], we have elliptic second order operator. Here it is Zi, the goal is to use the "moving- 
plane" method to have a contradiction. For this, we must have: 



Zi(wf - ibi) < 0, if wf -Wi<0. 



7,& 



We write, Aq — A a , . We obtain: 

M »i' e 'S„_, 



Zi{wf - ibi) = (A fl 



-A 



>s 3 



+2(V, et4( - V e , et )( W f ).V fl ptU log(V^) + 2V 9 , e «(tif ).V fl „ t «, [log(V^) - log v^] + 



0,e 



+2V 9 , e ««;f .(V Jiett4 - V ,e«) log - [(c + &i 1/2 6 2 - c 2 )«* - (c + 6^ 1/2 6 2 - c 2 )]™f + 



(v 1/2 ^2 
i-j (^)3_t^(l) wl (***!) 



Clearly, we have: 
Lemma 3 : 

6i(»i, t, 0) = 1 - ifficd ys (<9, <9)e 2t + . . . , 

Rgie^) = R g { yi )+ < VR g ( yi )\9 > e* + . . . . 
According to proposition 1 and lemma 3, 

Propostion 3 : 



V fl tS?'| + \v 2 e (w?)\ + \Ricd yi \[wf + («?')] + \Rg{Vi)\<i>. 



+ C| e 2t_g2t 5 *| IV- J ^2,,;,i. 

Proof of the proposition 3 



In polar geodesic coordinates (and the Gauss lemma): 



g = dt 2 + r 2 ~g k ^d^ ct ^\g k \ = a k (6)^[det(g x ^)}, 

where a k is the volume element of the unit sphere for the open set U k . 
We can write (with the lemma 3): 



and, 
But, 

Then, 

where, 
and, 

Di = 



\dMt)\ + \d t Mt)\ + \d tt a(t)\<Ce 2 \ 
\d 6j h\ + \d ej ,e k h\ + d t ,eM + \d t .e jfi M < Ce 2t , 



As = A 



'oj\ 



9 Vi,<' t ,S 3 



TV 



7,k 



{wf) = B i + D i 



B, 



d el [g s eJ (e tU , 9)yW\(e t l , 0)} d 0l [g 9 ^ (e\ 9)yW\(e\ 0)} 



Clearly, we can choose ei > such that: 



W\(e*,e) 



deowf 



\d r ~g k Ax,r,0)\ + \d r d e mg%{x,r,6)\ < Cr, x e B(io,ei) r € [0,ei], 9 e U k . 



finally, 



It is easy to see that: 



A, < C7 fc | e 2 *-e 2f£l | 



|V 9 (^)| 



< K and 



|V fl «t| + |V!(«;?')| 
|Vi(^f )| 



<K'. 



We take, C = max{Ci, 1 < i < q} and we use (* * *1). The proposition 3 is proved. 
We have, 

c(yi,t,6) = 1 + d t a + R g e 2t , (ai) 



& 2 (M) = d tt (Vh) = — ==^ttfei 



(d t &i) 2 , (a 2 ) 



4(6i)»/ 2 

c 2 = [^A e (V^) + |V e log(V^)| 2 ], (as) 
We do a conformal change of the metric such that: 



Ricci Xa = Rg{x ) = 0, y det(g XOlj k) = 1 + 0{r s ),s > 4, 
it is given by T. Aubin [Au 1], (see also Lee et Parker, [L,P]). 

Without loss of generality, we can assume: 

g = g, Rg(yi) — > and Ricci Vt — > 0. 

6 



We assume that A < Xi + 2 = — log Ui{yi) + 2. 

We work on [A, U] x § 3 with ti = log^fQ — > — oo, k as in the proposition 1. For i large 
logy/k » A, + 2. 

The functions Vi tend to radially symetric function, then, d$ j w A — * if i —* +oo and, 



A (M) _ e [( A - A ')+^-*)] e [( A - A ')+^- t )](a e3 ^)(e[( A - A ')+( A - t %) 



wf 



e [(A-A i )+(A-t)] l) .[ e (A-A < )+(A-t)6l] 



where Cj does not depend on A and tend to 0. We have also, 

\d e w^t,6)\ + \de,ew?(t,0)\ < C^{t,e), Q -> 0. 

and, 

\dow$(t,0)\ + \de, e w^t,6)\ < C^{t,e), Q -> 0. 
(7, does not depend on A. 

Now, we set: 



Wi = Wi - — e 



Like in [B], we have, 
Lemma 4: 

There is v < such that for A < v : 



w A (i, 6) - wi(t, 8)<0,V (t, 6) e [A, ti] x § 3 . 



Let & be the following real number, 

& = sup{A < A, + 2, wf (t, 6>) - w^i, 0) < 0, V (t, 0) e t 4 ] x § 3 }. 
Like in [B], we use the previous lemma to show: 

wf -wi<0=> Zi(wf - Wi ) < 0. 
If we use (ai), (a 2 ) and (0:3), we have, 

Zi(wf -iDi) < 2A i (e t -e tU )(wff+V i (bf ^^[(^f-w^+o^^e'-e^^M^i^-^)- 
We can write, 

e 2t - e 2tU = (e* - e tU )(e 4 + e t? * ) < 2e'(e* - e 4 '' ). 

Thus, 

Zi(wf -Wi) < 4eA i (e t -e' £i )(4 i ) 2 +^(&| i )- 1/2 [(4*) 3 -^ 3 ]+ (l) e 2t (e t -e t5s )+ (l)e t wf (e^e*' 1 ). 



But, 



and, 



< wf < 2e, w, > ye 1 and -w, < — (e 1 - e 1 ), 



(wf ) 3 -w 3 = (wf-Wi^wf ) 2 +wf Wi+wl] < {wf-uii)(wf ) 2 +(wf -W i )—£—+{wf i -Wij—Jwf, 
then, 



Zi(wf - Wi) < 



(<) [— " 4e^] + [— - o(l)] + [— - o(l)]e 4 w| 



(e 4 '" -e*) < 0. 



I fwe use the Hopf maximum principle, we obtain (like in [B]): 

7 



ma,xwi(ti,8) < minw i (2f i — tA, 
we can write (by using the proposition 2): 

Uui(yi) < c, 

Contradiction. 
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